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Suppose that G is a ﬁnite group and H is a subgroup of G .
We say that H is s-semipermutable in G if HGp = GpH for
any Sylow p-subgroup Gp of G with (p, |H |) = 1; H is weakly
s-semipermutable in G if there are a subnormal subgroup T of G
and an s-semipermutable subgroup HssG in G contained in H such
that G = HT and H ∩ T  HssG. The structure of a ﬁnite group with
some weakly s-semipermutable subgroups is investigated. Mainly,
we get the following local version’s result which is a uniform
extension of many recent results in literature:
Main Theorem. Assume that p is a ﬁxed prime in π(G) and E is a
normal subgroup of G and ZUφ(G) denotes the product of all normal
subgroups H of G such that all non-Frattini p–G-chief factors of H have
order p. Then E  ZUpφ(G) if there exists a normal subgroup X of G such
that F ∗p(E) X  E, where F ∗p(E) is the generalized p-Fitting subgroup
of E, and X satisﬁes the following: for any Sylow p-subgroup P of X,
P has a subgroup D such that 1 < |D| < |P | and all subgroups H of P
with order |H | = |D| and all cyclic subgroups of P with order 4 (if P is a
non-abelian 2-group and |D| = 2) are weakly s-semipermutable in G.
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All groups considered in this paper will be ﬁnite. We use conventional notions and notation, as in
Huppert [9] or Gorenstein [8]. G always denotes a ﬁnite group, |G| is the order of G , π(G) denotes
the set of all primes dividing |G|, Gp is a Sylow p-subgroup of G for some p ∈ π(G).
In this paper, U and Up will denote the class of all supersolvable groups and the class of all
p-supersolvable groups, respectively. The U -hypercenter ZU (G) of G is the product of all normal
subgroups H of G such that all G-chief factors of H have prime order; the Up-hypercenter ZUp (G) of
G is the product of all normal subgroups H of G such that all p–G-chief factors of H have order p for
some prime p. Following [16], the product of all normal subgroups H of G such that all non-Frattini
G-chief factors of H have prime orders is denoted by ZUφ(G); the product of all normal subgroups H
of G such that all non-Frattini p–G-chief factors of H have order p is denoted by ZUpφ(G).
Two subgroups H and K of G are said to be permutable if HK = K H . A subgroup H of G is
said to be s-permutable [11] (or s-quasinormal, π -quasinormal) in G if H permutes with every Sylow
subgroup of G; H is said to be c-normal [17] in G if G has a normal subgroup T such that G = HT
and H ∩ T  HG , where HG is the normal core of H in G . Skiba’s weakly s-permutability [15] is a
common extension of s-permutability and c-normality:
Deﬁnition 1.1. (See [15].) Let H be a subgroup of a group G . H is called weakly s-permutable in G if
there is a subnormal subgroup T of G such that G = HT and H ∩ T  HsG , where HsG is the subgroup
of H generated by all those subgroup of H which are s-permutable in G .
Shemetkov and Skiba’s following remarkable theorem gives a uniform extension of a lot of results
appeared in literature recently (see [16, Theorem 1.4]): Let X  E be normal subgroups of a group G .
Suppose that every non-cyclic Sylow subgroup P of X has a subgroup D such that 1 < |D| < |P | and
every subgroup H of P with order |H| = |D| and every cyclic subgroup of P with order 4 (if |D| = 2
and P is a non-abelian 2-group) is weakly s-permutable in G . If X is either E or F ∗(E), where F ∗(E)
is the generalized Fitting subgroup of E , then E  ZUφ(G).
As a generalization of s-permutability, a subgroup H of G is said s-semipermutable [5] in G if H
permutes with every Sylow p-subgroup Gp of G with (|H|, p) = 1. We know that an s-permutable
subgroup of G is subnormal in G , but s-semipermutable subgroups of G are not necessarily subnormal
in G , any Sylow 2-subgroup of S3, the symmetric group of degree 3, is a counterexample. Once the
notion of s-semipermutable subgroup was introduced, many authors have been interested in it and
have applied it to investigate the structure of groups (see Refs. [5,21–24], etc.).
Here, we give a new concept which covers properly both s-semipermutability and Skiba’s weakly
s-permutability.
Deﬁnition 1.2. Let H be a subgroup of G . We say that H is weakly s-semipermutable in G if there
are a subnormal subgroup T of G and an s-semipermutable subgroup HssG of G contained in H such
that G = HT and H ∩ T  HssG .
Remark 1.3. Obviously, weakly s-permutability (or s-semipermutability) implies weakly s-semipermu-
tability by the deﬁnitions. The converse does not hold in general.
Example 1.4. 1. Suppose that G = A5, the alternating group of degree 5. Then A4 is weakly s-
semipermutable in G , but not weakly s-permutable in G .
2. Suppose that G = S4, the symmetric group of degree 4. Take H = 〈(34)〉. Then H is weakly
s-semipermutable in G , but not s-semipermutable in G .
In this paper, we get a result which extends Shemetkov and Skiba’s result (see [16, Theorem 1.4]
and [16, Theorem 1.5]) in three aspects: ﬁrst we follow a local method, that is, the method is general-
ized in a form referring to a prime. Secondly, we weaken the hypotheses from weakly s-permutability
by weakly s-semipermutability. Finally, we widen the choice of the subgroup X .
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if there exists a normal subgroup X of G such that F ∗p(E) X  E, where F ∗p(E) is the generalized p-Fitting
subgroup of E, and X satisﬁes the following: for any Sylow p-subgroup P of X , P has a subgroup D such that
1 < |D| < |P | and all subgroups H of P with order |H| = |D| and all cyclic subgroups of P with order 4 (if P
is a non-abelian 2-group and |D| = 2) are weakly s-semipermutable in G.
The structure of this paper is as follows: we introduce the background and state the main result
in Section 1, then give some suﬃcient conditions for p-supersolvable groups in Section 3. Thirdly, we
prove the main result in Section 4. Finally we will give many corollaries of our main result, we will
see that our result is a deep result which uniﬁes many recent results in the literature.
2. Preliminaries
We ﬁrst collect some properties of s-permutable subgroup of a group.
Lemma 2.1. Let G be a group.
(1) An s-permutable subgroup of G is subnormal in G.
(2) If H  K  G and H is s-permutable in G, then H is s-permutable in K .
(3) If H is s-permutable Hall subgroup of G, then H  G.
(4) Let K  G and K  H. Then H is s-permutable in G if and only if H/K is s-permutable in G/K .
(5) If H, K are s-permutable in G, then H ∩ K is also s-permutable in G.
(6) Suppose that P is a p-subgroup of G for some prime p. Then P is s-permutable in G if and only if NG(P )
O p(G).
Proof. (1)–(5) are from [11], (6) is from [14, Lemma A]. 
The following lemma contains some properties of s-semipermutable subgroups of a group.
Lemma 2.2. Let G be a group. Suppose that H is an s-semipermutable subgroup of G. Then
(1) If H  K  G, then H is s-semipermutable in K .
(2) Let N be a normal subgroup of G. If H is a p-group for some prime p ∈ π(G), then HN/N is s-
semipermutable in G/N.
(3) If H  O p(G), then H is s-permutable in G.
(4) Suppose that H is a p-subgroup of G for some prime p ∈ π(G) and N is normal in G. Then H ∩ N is also
an s-semipermutable subgroup of G.
Proof. (1)–(3) can be found in [24], now we give the proof of (4).
Pick an arbitrary Sylow q-subgroup Q of G , where q is a prime distinct with p. Since |Nq| =
|(HN)q| and N ∩ Q is a Sylow q-subgroup of N , we have N ∩ Q = HN ∩ Q , i.e.,
(H ∩ Q )(N ∩ Q ) = HN ∩ Q .
By [6, A, 1.2], we have
HQ ∩ NQ = (H ∩ N)Q ,
so H ∩ N is s-semipermutable in G . 
Now we give some basic properties of weakly s-semipermutable subgroup.
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Then:
(1) If U  H  G, then U is weakly s-semipermutable in H.
(2) Suppose that U is a p-group for some prime p. If N  U , then U/N is weakly s-semipermutable in G/N.
(3) Suppose that U is a p-group for some prime p and N is a p′-subgroup. Then (UN)/N is weakly s-
semipermutable in G/N.
(4) Suppose that U is a p-group for some prime p and U is not s-semipermutable in G. Then G has a normal
subgroup M such that |G : M| = p and G = MU.
(5) If U  O p(G) for some prime p, then U is weakly s-permutable in G.
(6) If U is a p-group for some prime p and N a normal subgroup of G contained in O p(G), then U ∩ N is an
s-semipermutable subgroup of G.
Proof. By routine calculation, we can easily prove (1)–(5). Now we prove (6).
By deﬁnition, there exist a subnormal normal subgroup T of G and an s-semipermutable subgroup
UssG of G contained in U such that G = UT and U ∩ T  UssG . Since N  O p(G) T , we have U ∩N 
U ∩ O p(G)  U ∩ T  UssG . Hence U ∩ N = N ∩ UssG is s-semipermutable in G by Lemma 2.2(4), as
desired. 
Combining [15, Lemma 2.11] and Lemma 2.3(4), we have
Lemma 2.4. Let N be an elementary abelian normal subgroup of a group G. Assume that N has a subgroup
D such that 1 < |D| < |N| and every subgroup H of N satisfying |H| = |D| is weakly s-semipermutable in G.
Then some maximal subgroup of N is normal in G.
Lemma 2.5. (See [6, A, 1.2].) Let U , V and W be subgroups of a group G. Then the following statements are
equivalent:
(1) U ∩ VW = (U ∩ V )(U ∩ W ).
(2) UV ∩ UW = U (V ∩ W ).
Lemma 2.6. (See [9, VI, 4.10].) Assume that A and B are two subgroups of a group G and G 	= AB. If
ABg = Bg A holds for any g ∈ G, then either A or B is contained in a proper normal subgroup of G.
Lemma 2.7. Suppose that S1, . . . , Sn are non-abelian simple groups each of whose orders is divided by a ﬁxed
prime p. Consider the direct product G = S1 × · · · × Sn and let P be a Sylow p-subgroup of G. Then, for any
i = 1, . . . ,n, no subgroup of Si ∩ P is weakly s-semipermutable in G.
Proof. Suppose that there exists i ∈ {1, . . . ,n} such that Si ∩ P has a subgroup H such that H is
weakly s-semipermutable in G . Then H is weakly s-semipermutable in Si by Lemma 2.3(1). By deﬁni-
tion, there are a subnormal subgroup T of Si and an s-semipermutable subgroup HssSi of Si contained
in H such that Si = HT and H ∩ T  HssSi .
Since Si is a non-abelian simple group, we have that T = Si . Hence H is an s-semipermutable
subgroup of Si . So H(Si)q  Si for any Sylow q-subgroup (Si)q of Si , where q is a prime distinct
with p. By Lemma 2.6, Si has a proper normal subgroup containing H or (Si)q , this is contrary to the
hypotheses that Si is a non-abelian simple group.
This completes the proof of Lemma 2.7. 
The following lemma plays a crucial role in the proof of our results.
Lemma 2.8. Suppose that P is a Sylow p-subgroup of G for some prime p ∈ π(G) and N is a minimal normal
subgroup of G properly contained in P . Then N is of prime order if one of the following holds:
254 Y. Li et al. / Journal of Algebra 371 (2012) 250–261(1) Every subgroup H of P with order |H| = |N| is an s-semipermutable subgroup of G.
(2) N  O p(G) and every subgroup H of P with order |H| = |N| is a weakly s-semipermutable subgroup
of G.
Proof. We only give the proof of (2) since applying a part of the proof of (2) we can get (1).
Take a minimal normal subgroup L/N of P/N . Then |L/N| = p. We can write L = N〈a〉, where
ap ∈ N , but a /∈ N . If Φ(L) = N , then L = 〈a〉 is cyclic. So is N . Therefore, N is of order p, as desired.
So we assume that Φ(L) < N . Since L is normal in P , Φ(L) is normal in P . Hence we can pick a
maximal subgroup S of N containing Φ(L) such that S  P . Denote K = S〈a〉. Since ap ∈ Φ(L)  S ,
we have |K | = |N|. By the hypotheses, K is a weakly s-semipermutable subgroup of G . Applying
Lemma 2.3(6), S = K ∩ N is s-semipermutable in G , actually S is s-permutable in G by Lemma 2.2(3).
Since NG(S) O p(G) by Lemma 2.1(5), S is normal in G by the choice of S . Therefore S = 1 by the
minimality of N and then |N| = p. Hence the lemma holds. 
Recall that the generalized Fitting subgroup F ∗(G) of G is the unique maximal normal quasinilpotent
subgroup of G (see [10, X, 13]). For a prime p in π(G), the generalized p-Fitting subgroup F ∗p(G) is
deﬁned to be as the normal subgroup of G such that F ∗p(G)/O p′ (G) = F ∗(G/O p′ (G)). For the detailed
discussion of F ∗p(G), please refer to [1] or [12], here we would like to give some properties of this
subgroup.
Lemma 2.9. (See [1, Lemma 2.10].) Let G be a group.
(1) Soc(G) F ∗p(G).
(2) O p′ (G) F ∗p(G).
In fact, F ∗(G/O p′ (G)) = F ∗p(G/O p′ (G)) = F ∗p(G)/O p′ (G).
(3) If F ∗p(G) is p-solvable, then F ∗p(G) = F p(G).
(4) If C = CG(F p(G)/O p′ (G)), then F ∗p(G)/F p(G) = Soc(C Fp(G)/F p(G)).
3. Suﬃcient conditions for p-supersolvability
We begin with the minimal subgroup case.
Theorem 3.1. Suppose p is a ﬁxed prime dividing the order of a group G. If every cyclic subgroup of G of order
p or order 4 (when p = 2) is weakly s-semipermutable in G, then G is p-supersolvable.
Proof. Assume that the result is false and G is a counterexample with minimal order. We will conduct
a contradiction in several steps.
Step 1. G is a minimal non-p-supersolvable group.
Let M be a maximal subgroup of G . Let L be a cyclic subgroup of M of order p or order 4
(when p = 2). Then L is weakly s-semipermutable in G by the hypotheses. Thus L is a weakly s-
semipermutable subgroup of M by Lemma 2.3(1). Hence M satisﬁes the hypotheses of G . The minimal
choice of G yields that M is p-supersolvable. Hence we have G is not p-supersolvable but every
proper subgroup of G is p-supersolvable.
Step 2. G/Φ(G) is a non-abelian simple group.
By [4, Theorem 1 and Proposition 1], G/Φ(G) has a unique minimal normal subgroup T /Φ(G) and
T = GUpΦ(G). It follows that T /Φ(G) must have order divisible by p.
Assume that T /Φ(G) is solvable. Then T /Φ(G) is p-group. In this case, T /Φ(G) is complemented
by a maximal subgroup M/Φ(G) of G/Φ(G). So we have M ∈ Up such that G = MT = MF (G). By [4,
Theorem 1 and Proposition 1], we know that GUp/Φ(GUp ) is a chief factor of G , and exponent of GUp
is p or at most 4 (when p = 2).
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in G by hypotheses. Suppose that L is not s-semipermutable in G . Then by Lemma 2.3(4), G has a
normal subgroup T such that LT = G and |G : T | = p. In this case L  T . But on the other hand,
since G/T is a p-group, L  GUp  T , by the deﬁnition of GUp . This contradiction shows that the
subgroup L is s-semipermutable in G . By Lemma 2.2(3), L is s-permutable in G , since L  GUp 
O p(G). So LΦ(GUp )/Φ(GUp ) is s-permutable in G/Φ(GUp ), by Lemma 2.1. This implies that every
cyclic subgroup of GUp/Φ(GUp ) of order p or 4 is s-permutable in GUp/Φ(GUp ). Since GUp/Φ(GUp )
is a chief factor of G , we conclude that GUp/Φ(GUp ) is a cyclic group of prime order by applying
Lemma 2.4. Since
(
G/Φ
(
GUp
))
/
(
GUp/Φ
(
GUp
)) ∼= G/GUp ∈ Up,
we have G ∈ Up , a contradiction. Hence T /Φ(G) is a direct product of non-abelian simple groups.
Noticing that G is a minimal non-p-supersolvable group by Step 1, we have G/Φ(G) = T /Φ(G) is a
non-abelian simple group.
Step 3. O p′ (G) = 1. Hence F (G) = Φ(G) = O p(G).
It follows from Lemma 2.3.
Step 4. G is almost simple, i.e., G/Z(G) is simple.
We only need to prove that Φ(G) = Z(G). Obviously Z(G)  Φ(G) by Step 2. Denote C =
CG(O p(G)). If C < G , then, by Step 2, we have C  Φ(G). Let M be an arbitrary maximal subgroup
of G . By Step 3, O p(G) M and M is p-supersolvable. It is easy to see that O p(G) is supersolvably
embedded in M , that is, O p(G) ZU (M). Hence M/C is supersolvable by [6, IV, Theorem 6.10]. This
implies that G/C is solvable by [18, Chapter 1, Theorem 2.3]. Then G is solvable, a contradiction.
Hence C = G . So Φ(G) = Z(G) and G/Z(G) is simple.
Step 5. The ﬁnal contradiction.
Note that if every element of G of order p or 4 (when p = 2) were in Φ(G) = Z(G), then G would
be p-nilpotent by Itô’s Lemma (see [9, Satz IV.5.5]). But then G would not be a counterexample. Thus
we can choose an element x of order p or 4 (when p = 2) such that x ∈ G\Φ(G). By hypotheses
the subgroup 〈x〉 is weakly s-semipermutable in G . This means that there exist a subnormal sub-
group T of G and an s-semipermutable subgroup 〈x〉ssG of G contained in 〈x〉 such that G = T 〈x〉
and T ∩ 〈x〉 〈x〉ssG . If T Φ(G), then G = 〈x〉. But then G is not a counterexample. Hence G = T , by
Step 2, and 〈x〉 = 〈x〉ssG is s-semipermutable in G . If Q is any Sylow q-subgroup of G , for q 	= p, then
〈x〉Q is a subgroup of G . Note that G 	= 〈x〉Q . By Lemma 2.6, there exists a proper normal subgroup N
of G such that either 〈x〉  N or Q  N . By Step 2, N  Φ(G). Since x /∈ N , by the choice of x, and
Q  N , by Step 3, this leads to the ﬁnal contradiction. 
Secondly, we consider the maximal subgroup case.
Theorem 3.2. Let p be a prime dividing the order of a group G. Suppose that all maximal subgroups of every
Sylow p-subgroup of G are weakly s-semipermutable in G. Then, either G is a group whose Sylow p-subgroups
are of order p, or G is a p-supersolvable group.
Proof. Assume that the result is false and G is a counterexample with minimal order. We will conduct
a contradiction in several steps.
Let P be a Sylow p-subgroup of G .
Step 1. O p′(G) = 1.
It follows from Lemma 2.3.
Step 2. If S is a subgroup of G and p does not divide |G : S|, then either S is p-supersolvable or S
is a non-p-solvable group whose Sylow p-subgroups have order p.
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from Lemma 2.3(1) that all maximal subgroups of every Sylow p-subgroup of L are weakly s-semi-
permutable subgroups of S . By the minimal choice of G , we conclude that Step 2 holds.
Step 3. Let N be a minimal normal subgroup. Then either G/N is p-supersolvable or G/N is a
non-p-solvable group whose Sylow p-subgroups are of order p.
Consider G/N . We will show G/N satisﬁes the hypotheses of the theorem. Let M/N be a maximal
subgroup of PN/N . It is easy to see M = P1N for some maximal subgroup P1 of P . It follows that
P ∩N = P1 ∩N is a Sylow subgroup of N . By the hypotheses, there are a subnormal subgroup K1 of G
and an s-semipermutable subgroup (P1)ssG contained in P1 such that G = P1K1 and P1∩K1  (P1)ssG .
Then
G/N = (M/N)(K1N/N) = (P1N/N)(K1N/N).
It is easy to see that K1N/N is subnormal in G/N . Since
(|N : P1 ∩ N|, |N : K1 ∩ N|
) = 1,
(P1 ∩ N)(K1 ∩ N) = N = N ∩ G = N ∩ (P1K1).
By Lemma 2.5,
(P1N) ∩ (K1N) = (P1 ∩ K1)N.
It follows from Lemma 2.2(2) that
(P1N)/N ∩ (K1N)/N = (P1 ∩ K1)N/N  (P1)ssGN/N
and (P1)ssGN/N is an s-semipermutable subgroup of G/N contained in M/N . Hence M/N is weakly
s-semipermutable in G/N . Therefore G/N satisﬁes the hypotheses of the theorem. The choice of G
yields that either G/N is p-supersolvable or G/N is a non-p-solvable group whose Sylow p-subgroups
are of order p.
Step 4. Let N be a minimal normal subgroup of G . Then 1 	= Np = N ∩ P < P .
By Step 1, the prime p divides the order of N and then Np = N ∩ P 	= 1.
Notice that if P ∩ N = P , then P  N and then O p′ (G) = N . By Step 2 and the choice of G we
have that N = P . By Step 1 we have that O p(G) = G and N = Soc(G). Let Q be a maximal subgroup
of N . By hypotheses there exists a subnormal subgroup K of G such that G = K Q and K ∩ Q  QssG ,
where QssG is an s-semipermutable subgroup of G contained in Q . We have that K = G and then
Q is s-semipermutable in G and, by Lemma 2.2(3), Q is s-permutable in G . Then, O p(G) NG(Q ),
by Lemma 2.1(6). Therefore we have that Q is normal in G . By minimality of N , Q = 1 and then N
has order p. This implies that G is p-supersolvable. This contradicts the minimal choice of G . Hence
N ∩ P is a proper subgroup of P .
Step 5. The minimal normal subgroup of G is unique, N say. Obviously, N  O p(G).
Suppose that there exist two distinct minimal normal subgroups M and N of G . By Step 3,
we know that both G/N and G/M satisfy the hypotheses of the theorem. If G/N and G/M are p-
supersolvable, the G is p-supersolvable, a contradiction. Suppose that G/N is a non-p-solvable group
whose Sylow p-subgroups are of order p and G/M is p-supersolvable. Since NM/M is a minimal
normal subgroup of G/M , we know, by Step 1, that NM/M is of order p. Hence |N| = p and P is
of order p2. On the other hand, MN/N is a minimal normal subgroup of G/N and p divides the
order of M . We have M is a non-abelian simple group. As a maximal subgroup of P , the Sylow
p-subgroup Mp of M is weakly s-semipermutable in G by the hypotheses. Therefore Mp is weakly
s-semipermutable in M by Lemma 2.2. This is contrary to Lemma 2.7. Finally, we assume that both
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guments as above, we have |P | = p2 and M is a non-abelian simple group whose Sylow p-subgroups
are of order p, and Mp is weakly s-permutable in M . Again, this is contrary to Lemma 2.7.
This completes the proof of this step.
Step 6. N Φ(P ).
Suppose that N Φ(P ). Then, by [6, A, 9.2.d], we have N Φ(G).
If G/N is p-supersolvable, then G is p-supersolvable as the class of all p-supersolvable groups is a
saturated formation, a contradiction. Hence G/N is a non-p-solvable group whose Sylow p-subgroups
are of order p by Step 3. Since N Φ(P ), we have P is a cyclic group. Therefore N is a cyclic group
of order p and |P | = p2. By [2, Theorem 7], this is impossible.
Step 7. O p(G) = 1.
Suppose that O p(G) 	= 1. Then N  O p(G) by Step 4.
By Step 6, we can pick a maximal subgroup P1 of P such that P = NP1.
By the hypotheses, P1 is weakly s-semipermutable in G . Hence P1∩N is s-semipermutable in G by
Step 4 and Lemma 2.3(6). From Lemma 2.2(3), we have P1 ∩N is s-permutable in G . This implies that
P1 ∩ N is normal in G by Lemma 2.1(6) and the fact that P1 ∩ N is normal in P . The minimality of N
implies that P1∩N = 1. Hence N has order p. Therefore G/N has to be a non-p-solvable group whose
Sylow p-subgroups are of order p. Then G is a non-p-solvable group whose Sylow p-subgroups are
elementary abelian p-groups of order p2. By [2, Theorem 7], this is not possible. Then O p(G) = 1.
Step 8. The ﬁnal contradiction.
By Step 4, we can choose a maximal subgroup P1 of P such that Np  P1. Since P1 is weakly
s-semipermutable in G by the hypotheses, we have P1 ∩ N is s-semipermutable in G by Step 5 and
Lemma 2.3(6). So P1 ∩ N is s-semipermutable in N by Lemma 2.2.
By Steps 1 and 7, we have that N is a characteristic simple group and N = N1 ×· · ·× Nk , where Ni
are conjugated non-abelian simple groups. Without losing generality, we can assume that P1 ∩ N1 is
a non-trivial Sylow p-subgroup of N1. So P1 ∩ N1 is s-semipermutable in N1 by Lemma 2.2. But this
is a contradiction by Lemma 2.7.
This completes the proof of this theorem. 
Now we consider a special case.
Theorem 3.3. Suppose that p is a ﬁxed prime dividing the order of G and P a Sylow p-subgroup of G. Then G is
p-supersolvable if P has a subgroup D such that 1 < |D| < |P | and all subgroups H of P with order |H| = |D|
and all cyclic subgroups of P of order 4 (if P is a non-abelian 2-group and |D| = 2) are s-semipermutable in G.
Proof. Assume that the result is false and G is a counterexample with minimal order. We will conduct
a contradiction in several steps.
Step 1. O p′(G) = 1.
It follows from Lemma 2.2.
Step 2. If N  P and N is minimal normal in G , then |N| |D|.
By Lemma 2.4.
Step 3. O p(G) 	= 1.
We assume that O p(G) = 1. Suppose that N is a minimal normal subgroup of G . Then N is not
solvable by Step 1. Then N = N1 × N2 × · · · × Nt , where N1,N2, . . . ,Nt are conjugated non-abelian
simple groups. Again, by Step 1, we know that p||N|, then we can pick a subgroup H of P with order
|H| = |D| such that H ∩ N1 	= 1. By Lemma 2.1(4), we have H ∩ N is s-semipermutable in G . But this
is contrary to Lemma 2.7.
Step 4. Let N be a minimal normal subgroup of G contained in O p(G). Then |D| > |N| and G/N is
p-supersolvable.
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orem 3.1, we have G is p-supersolvable, a contradiction. So |D| > |N|. Without losing generality,
suppose that N  D . Then P/N has a subgroup D/N such that 1 < |D/N| < |P/N| and every sub-
group H/N of P/N with |H/N| = |D/N| is an s-semipermutable subgroup of G/N by Lemma 2.2.
If p > 2 or p = 2 and P/N is an abelian 2-group or p = 2 and |D/N| > 2, then we have G/N
satisﬁes the hypotheses of the theorem, so G/N is p-supersolvable by the minimal choice of G .
Now suppose that p = 2 and P/N is not abelian and |D/N| = 2. Then |D| = 2|N|. Obviously, every
cyclic subgroup of P/N of order 2 is s-semipermutable in G/N . Now pick a cyclic subgroup X/N
of P/N of order 4. If N  Φ(X), then X is cyclic and N is cyclic. Then |N| = 2 and so |D| = 4.
By hypotheses, all subgroups of P of order 4 are s-semipermutable in G . Now we claim that every
subgroup of P of order 2 is s-semipermutable in G . Since P is non-abelian, P has a cyclic subgroup
〈u〉 of order 4. By hypotheses, 〈u〉Q is a subgroup of G , where Q ∈ Sylq(G) and q 	= 2. Clearly, Q 〈u〉
is 2-nilpotent. Then Q 〈u2〉 is a subgroup of G . If u2 ∈ Z(P ), then, for any element x of P of order
2 distinct with u2, 〈u2〉 × 〈x〉 has order 4. By hypotheses, (〈u2〉 × 〈x〉)Q is a subgroup of G . Since
the subgroup Q 〈u2〉 has index 2 in (〈u2〉 × 〈x〉)Q , we have Q  (〈u2〉 × 〈x〉)Q . Therefore, 〈x〉Q is a
subgroup of G . If u2 is not in Z(P ), we pick an element t ∈ Z(P ) such that 〈u2〉× 〈t〉 is of order 4. By
hypotheses, (〈u2〉×〈t〉)Q is a subgroup of G . Similarly, 〈t〉Q is a subgroup of G . Now, for any element
x of P of order 2 such that 〈t〉 × 〈x〉 is of order 4. By hypotheses, (〈t〉 × 〈x〉)Q is a subgroup of G .
Then Q  (〈t〉 × 〈x〉)Q since the subgroup Q 〈t〉 has index 2 in (〈t〉 × 〈x〉)Q . Then 〈x〉Q is a subgroup
of G . We have proved that each subgroup of P of order 2 and 4 is s-semipermutable in G . Hence G
is 2-nilpotent by Theorem 3.1, a contradiction.
Hence we suppose that N  Φ(X). Then there exists a maximal subgroup X1 of X such that
X = X1N . Since |X1| = |D|, X1 is s-semipermutable in G by hypotheses. By Lemma 2.2, X/N = X1N/N
is s-semipermutable in G/N . Now applying Theorem 3.1, we have G/N is 2-nilpotent. Hence there
holds Step 4.
Step 5. The ﬁnal contradiction.
It is easy to see that Φ(G) = 1 and N = O p(G) is the unique minimal normal subgroup of G .
We can write G = NM , where M is maximal subgroup of G . Furthermore, N ∩ M = 1 and P = NMp
and Mp 	= 1.
Pick a maximal subgroup N1 of N such that N1 is normal in P and pick a subgroup S1 of Mp
such that the group H = N1S1 is of order |H| = |D|. Then H is s-semipermutable in G by hypotheses.
So N1 = N ∩ H is s-semipermutable in G by Lemma 2.2. Furthermore, N1 is s-permutable in G by
Lemma 2.2(3). Therefore, N1 is normal in G by Lemma 2.1(6) and the choice of N1. Then N1 = 1
by the minimality of N . Hence N is of prime order. Then G is p-supersolvable by Step 4, the ﬁnal
contradiction.
This completes the proof of the theorem. 
Now we consider the case that p is the smallest prime in π(G).
Theorem 3.4. Let G be a group and P a Sylow p-subgroup of G, where p is the smallest prime dividing |G|.
Suppose that P has a subgroup D such that 1 < |D| < |P | and every subgroup H of P of order |D| and every
cyclic subgroup of P of order 4 (if P is a non-abelian 2-subgroup and |D| = 2) is weakly s-semipermutable
in G. Then G is p-nilpotent.
Proof. Suppose that the theorem is false and G is a counter-example with minimal order. We will
derive a contradiction in several steps.
Step 1. |P : D| > p.
Suppose that |P : D| = p. Then, since p  |D|, we have that p2  |P |. By Theorem 3.2, the group G
is p-supersolvable. Since p is the smallest prime dividing |G|, we have that G is p-nilpotent. This
contradicts the minimal choice of G .
Step 2. G has no normal subgroup of index p.
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with induction, M is p-nilpotent, and then G is p-nilpotent, a contradiction.
Step 3. Final contradiction.
Assume that H  P such that |H| = |D| and H is not s-semipermutable in G . By Lemma 2.3(4),
there is a normal subgroup M of G such that |G : M| = p, contrary to Step 2. Hence we have each
subgroup of P of order |D| is s-semipermutable in G . Applying Theorem 3.3, we have that G is p-
nilpotent, the ﬁnal contradiction.
This completes the proof of this theorem. 
Finally, we discuss the general case.
Theorem 3.5. Let p be a prime dividing the order of a group G and P a Sylow p-subgroup of G. Suppose that
P has a subgroup D such that 1 < |D| < |P | and all subgroups H of P with order |H| = |D| and all cyclic
subgroups of P of order 4 (if P is a non-abelian 2-group and |D| = 2), are weakly s-semipermutable in G.
Then G is p-supersolvable.
Proof. If p = 2, then G is 2-nilpotent by Theorem 3.4. Hence the theorem holds. So in the following
we assume that p is an odd prime.
Assume that the result is false and G is a counterexample with minimal order. We will conduct a
contradiction in several steps.
Step 1. O p′(G) = 1.
It follows from Lemma 2.3(3).
Step 2. |D| > p and |P : D| > p.
By Theorems 3.1 and 3.2.
Step 3. For any minimal normal subgroup N of G contained in P , we have p < |N| |D|.
If there exists a minimal normal subgroup N of G of order p, then we consider the factor
group G/N . By Lemma 2.3 and Step 2, we know that G/N satisﬁes the hypotheses of the theorem.
Hence G/N is p-supersolvable by the minimal choice of G . Then G is p-supersolvable, a contradiction.
By Lemma 2.4 we know that |N| |D|.
Step 4. There exists a subgroup H of P with order |D| such that H is not s-semipermutable in G .
By Theorem 3.3.
Step 5. 1 	= P ∩ O p(G)  G .
Since P ∩ O p(G) is a Sylow p-subgroup of O p(G), by Step 1 we know that P ∩ O p(G) 	= 1.
By Step 4 and Lemma 2.3(4), G has a normal subgroup M such that |G : M| = p. By Step 2, we
know that M satisﬁes the hypotheses of the theorem, hence M is p-supersolvable by the minimal
choice of G . Since O p(G) M , we have O p(G) is p-supersolvable. Since a p-supersolvable group has
p-length 1 and O p′ (O p(G)) O p′(G) = 1, we have P ∩ O p(G) is normal in O p(G). Hence P ∩ O p(G)
is normal in G .
Step 6. Pick an arbitrary minimal normal subgroup N of G contained in P ∩ O p(G). Then |D| > |N|.
By Step 3 and Lemma 2.8(2), we have |D| > |N|.
Step 7. The ﬁnal contradiction.
By Step 6 and Lemma 2.3, we know that G/N satisﬁes the hypotheses of the theorem. Hence
G/N is p-supersolvable. It is easy to see that N  Φ(G). Then we can write G = NM , where M is
a maximal subgroup of G . Furthermore, P = N(P ∩ M) and P ∩ M 	= 1. Pick a maximal subgroup P1
of P containing P ∩ M . Then P = NP1 and N ∩ P1 < N . If N ∩ P1 = 1, then N is of order prime, a
contradiction. Hence N ∩ P1 	= 1. We can choose a subgroup H of P1 containing N ∩ P1 such that
|H| = |D| and H is normal in P . Furthermore, N ∩ H = N ∩ P1 	= 1. By hypotheses, H is a weakly s-
semipermutable subgroup of G . Hence H∩N is s-semipermutable in G by Lemma 2.3(6). Furthermore,
H ∩ N is s-permutable in G by Lemma 2.2(3). Since NG(H ∩ N) O p(G) by Lemma 2.1(5) and H ∩ N
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But this is contrary to the choice of H .
This completes the proof of the theorem. 
4. The proof of main result
Proof. By Theorem 3.5, we know that X is p-supersolvable. Therefore, F ∗p(X) = F ∗p(E) = F p(E) by
Lemma 2.9.
Denote G = G/O p′ (G) and E = EO p′ (G)/O p′ (G) ∼= E/O p′(E). Then F ∗p(E) = F ∗p(E)O p′ (G)/O p′ (G)
and F ∗p(E) X  E .
If H is a subgroup of F ∗p(E) of order |D|. Then we can write H = HO p′ (G)/O p′ (G), where H is
a subgroup of F ∗p(E) of order |D|. By the hypotheses, H is weakly s-semipermutable in G . Hence X
is weakly s-semipermutable in G by Lemma 2.3(3). So G satisﬁes the hypotheses of the theorem.
If O p′(G) 	= 1, then E  ZUpφ(G) = ZUpφ(G). So E  ZUpφ(G), as desired.
Hence we can assume that O p′(G) = 1. Therefore O p′ (X) = O p′ (E) = 1. This is to say that F ∗(X) =
F ∗p(X) = F ∗(E) = F ∗p(E) = F p(E) = F (E) = O p(E). By Lemma 2.3(5), we have every subgroup H of P
with order |H| = |D| or order 4 (if P is a non-abelian 2-group and |D| = 2) is weakly s-permutable
in G , i.e., E satisﬁes the hypotheses of [16, Theorem 1.4], we have F ∗(E) ZUφ(G). Since F ∗(E) is a
p-group, we have F ∗(E) ZUpφ(G).
On the other hand, by hypotheses and Lemmas 2.2 and 2.3 we know that E satisﬁes the conditions
of [15, Theorem 1.3], we have E is supersolvable. In particular, E is p-supersolvable. Since O p′ (E) = 1,
we have Ep is normal in E , thus Ep is normal in G . Hence Ep = O p(E) ZUpφ(G). Since E/Ep is a
p′-group, E/Ep  ZUpφ(G/Ep) = ZUpφ(G)/Ep . Hence E  ZUpφ(G), as desired.
This completes the proof of our main result. 
5. Applications
Theorems 3.1–3.5 are interesting, we ﬁrst give some corollaries of them. Immediately from Theo-
rem 3.1, we have
Corollary 5.1. Suppose that G is a group. If every subgroup of G of odd prime order is weakly s-semipermutable
in G, then G is solvable.
Proof. For any odd prime p, G is p-supersolvable by Theorem 3.1. Therefore G is solvable. 
Corollary 5.2. Suppose that G is a group. If every minimal subgroup of G is weakly s-semipermutable in G,
then G is solvable.
We give some corollaries of Theorem 3.5. The following generalizes [7, Theorem 3.1] and [19,
Theorem 3.1].
Corollary 5.3. Let p be a prime dividing the order of a group G and P a Sylow p-subgroup of G. Suppose that
NG(P ) is p-nilpotent. Then G is p-nilpotent if P has a subgroup D such that 1 < |D| < |P | and all subgroups
H of P with order |H| = |D| and all cyclic subgroups of P of order 4 are weakly s-semipermutable in G (if P is
a non-abelian 2-group and |D| = 2).
Proof. By Theorem 3.5 we know that G is p-supersolvable. Since the p-length of p-supersolvable
groups is at most 1, we have P O p′ (G) is normal in G . Set G = G/O p′ (G). Then G = NG(P ) =
NG(P )O p′ (G)/O p′ (G) is p-nilpotent by hypotheses. Hence G is p-nilpotent, as desired. 
Since p-supersolubility implies the p-nilpotency when p is the smallest prime dividing the order
of G , from Theorem 3.5 we immediately have the following corollary which is a generalization of [19,
Theorem 3.5].
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subgroup of a group G. Then G is p-nilpotent if P has a subgroup D such that 1< |D| < |P | and all subgroups
H of P with order |H| = |D| and all cyclic subgroups of P of order 4 are weakly s-semipermutable in G (if P is
a non-abelian 2-group and |D| = 2).
We can express our results in the context of formations (see [3] or [6]). The following corollary is
a generalization of results in [13].
Corollary 5.5. Assume that p is a ﬁxed prime in π(G) and F a saturated formation containing all p-
supersolvable groups such that Ep′F = F . Assume that G is a group with a normal subgroup E such that
G/E belongs to F and Denote that X is equal to either E or F ∗p(G) and P is a Sylow p-subgroup of X . Then G
belongs toF if P has a subgroup D such that 1 < |D| < |P | and all subgroups H of P with order |H| = |D| and
all cyclic subgroups of P of order 4 are weakly s-permutable in G (if P is a non-abelian 2-group and |D| = 2).
The following corollary is a generalization of results in [20].
Corollary 5.6. Assume that p is a ﬁxed prime in π(G) and F a saturated formation containing all p-
supersolvable groups such that Ep′F = F . Assume that G is a group with a normal subgroup E such that
G/E belongs to F and denote that X is equal to either E or F ∗p(G) and P is a Sylow p-subgroup of X . Then G
belongs to F if P has a subgroup D such that 1 < |D| < |P | and all subgroups H of P with order |H| = |D|
and all cyclic subgroups of P of order 4 (if P is a non-abelian 2-group and |D| = 2) are c-normal in G.
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